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Water wave equations 09-25-16
N. T. Gladd

Initialization: Be sure the files NTGStylesheet2.nb and NTGUltilityFunctions.m is are in the same
directory as that from which this notebook was loaded. Then execute the cell immediately below by
mousing left on the cell bar to the right of that cell and then typing “shift” + “enter”’. Respond “Yes” in
response to the query to evaluate initialization cells.

In[12]:= SetDirectory[NotebookDirectory[]];

(» set directory where source files are located x)
SetOptions [EvaluationNotebook[], (* load the StyleSheet =x)
StyleDefinitions - Get["NTGStylesheet2.nb"]];

Get ["NTGUtilityFunctions.m"]; (* Load utilities package x)

For several years | have lived near the ocean and watched the behavior of waves on beaches. Being a
physicist by training (although not a specialist in hydrodynamics), | have enjoyed exploring the simpler
mathematical models for wave and beach physics. The purpose of this notebook is to illustrate how
Mathematica can be used to facilitate the derivation of the equation describing the propagation of water
waves when the depth of the water is shallow. The shallow water wave equation is a starting point for
many analyses of wave-beach physics.

There are many derivations of water wave equations in textbooks and the literature. | follow the basic
procedure used by R. S. Johnson in A Modern Introduction to the Mathematical Theory of Water Waves.

This work is a revision and extension of earlier work contained in the notebook Water Waves Equations
- Dimensionless Forms 12-23-06.nb. | have performed other calculations involving water waves that, as
time permits, | will incorporate on this website.

Overview

. Background

1 Dimensionless forms for the basic equations
2 Derivation of the shallow water wave equation

In a related notebook the results of section 1 are used to derive the dispersion relation for water waves.

Background

| derive the partial differential equation for waves in shallow water from first principles. The following
figure illustrates the situation of interest, a body of water with nonuniform depth in the x direction.
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2| Water wave equations 09-25-16.nb

Waves propagating in the x-redirection are considered but, since the geometry in uniform in the y-
direction, it is trivial to also incorporate a component of wave propagation in the y-direction. There are
two characteristic scale lengths - the nominal depth of the water, h(x = 0) = hg, and the wave length of
the waves. The shallow water approximation means that the wavelength is much longer than the depth
of the water: formally, ,:‘—0 - 0.

Geometry for shallow water waves

Basic equations

The first physical equation is the equation of continuity for a fluid element
0
—p+V.(pv)=O (1)
ot
where p is the mass density of the water and v represents the velocity vector of a fluid element. To a
good approximation, water is incompressible — meaning p is a constant. In that case,
V.v=0 (2)
A second equation is the force law for a fluid element
dv ov
p—=p——+p(v-V)v=-Vp+F ()
dt ot

For the problem | consider the only external force is the downward force of gravity, F = p (- z). | deviate
from Johnson here who also considers surface tension and can thus treat both gravity waves and
capillary waves.

At the bottom of the water it is assumed that the water particles are confined to a specified surface

Z = b(x) (4)
and thus there is a kinematic condition on the vertical velocity

dz ob(x)

i Vz(z = b(x)) = PP (v-V)b(x) = (v V)b(x) (5)

At the top surface of the water, there are two conditions, the kinematic condition that the fluid particles
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be confined within the top surface.

Z = h(x, 1) (6)
or

dz oh(x, t)

— =Vvz(z = h(x, 1)) = + (v-V)h(x, 1) (7)
dt ot

and a dynamical condition

p(z, t) = Patmosphere + pg(h(x, ) - z) (8)
where the first term on the right hand side represents the atmospheric pressure and the second term is
the hydroscopic pressure.

Objective of derivation

The primary objective of this derivation is to obtain a partial differential equation (the wave equation) for
the perturbed height of the surface, h{(x, z, t), where h(z, t) = ho(z) + h1(z) and | h1(z)| << ho(2). In the
limiting case of shallow water this equation takes the form

%h h
T - 21 - gy T2 ©
ot ox 0x

Besides having relevance to the physics of water waves, this derivation illustrates various techniques by
which partial differential equations characteristics of physics can be symbolically manipulated into a
desired form. For this simple example, a pen and paper derivation is much quicker. However, it is not
hard to generalize the problem to the extent that the number of required manual operations becomes
onerous.

The first step is to transform the basic equations into dimensionless forms that make it easier to reason
about the physics of the problem. In physics, the analytical process often consists of casting the rele-
vant equations into dimensionless forms that involve key dependent and independent variables,
together with a few dimensionless parameters that characterize the system being examined.

With an appropriate set of dimensional equations, the imposition of the shallow water condition is easily
accomplished. The next step consists of perturbing the equations about an equilibrium state. This
provides a different set of pdes for the perturbed surface height, the velocity components and the
pressure.

Finally, dependent variables are eliminated until the desired equation for the perturbed surface height is
obtained.

| Dimensionless forms for the basic equations

When analyzing physical problems, it is useful to introduce dimensionless variables. In the vertical
direction z, the natural scale length for distance is the depth of the water hy at the origin of the coordi-
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nate system. In the transverse direction there is no natural scale but, since the focus of interest will be
on waves, the wavelength A is a reasonable scaling parameter. The parameter 7 is chosen as a time
scale that will be specified later.

| will need an implementation of the convective derivative i = %+ v-V. This is accomplished with the

following functions

In[14]:= Clear [DDt, vDel];
vDel[{vx_, vy_, vz_}, f_] :=
vxD[f, x] + vyD[f, y] + vzD[f, z];
vDel[{vx_, vy_, vz_}, {fx_, fy_, fz_}] :=
{vxD[fx, x], vyD[fy, y], vzD[fz, z]};
DDt[{vx_, vy_, vz_}, {fx_, fy_, fz_}] :=
D[{fx, fy, fz}, t] + vDel[{vx, vy, vz}, {fx, fy, fz}];
DDt[{vx_, vy_, vz_}, f_ ] := D[f, t] + vDel[{vx, vy, vz}, f];

I-1 Dimensionless form for the continuity equation

In[19]:= wll["start"] =
Div[{Vv[x][X, ¥, z, t], VIyl[X, ¥, z, t]1, V[z][X, ¥, 2z, t1}, {X, ¥y, 2}] =

80,18 | 0:1.0.0) [y, y, 7, t] +v[x] 1009 [x, y, 7, t] =0

out[19]= V[z]( X, Y, Z, t] +V[y] (

Mathematica note: Although it is tempting to use subscripted variables for the components of the
velocity vector, | shall resist. One has to go through special contortions to avoid distracting technical
difficulties when performing Mathematica manipulations involving subscripted variables. For years, | did
use subscripts for many of my calculations. After all, notation is very important in physics — consider
Einstein, Dirac and Feynman. However, | relented when | found that even the wizards who answer
questions at http.//mathematica.stackexchange.com recommend against subscripts. In the notebook
Water Waves Equations - Dimensionless Forms 12-23-06.nb, in which | first performed this derivation, |
did use subscripted variables. Hopefully, developing the ability to readily use standard physical and
mathematical notations will someday rise to to top of Wolfram’s technology stack. In fairness, the
standard notations often used in the physics and mathematics literature are ambiguous for the purpose
of performing computational symbolic manipulations.

| choose the notation v[x][x, y, z, t] to represent vy(x, y, z, t). The brackets [] attach so-called
“‘DownValues” to the symbol v. | use “script X" — x (escape scx escape) — to represent the direction of
the vector and x to represent the independent variable x. This avoids problems with differentiation with
respect to x.

| first transform the independent variables by applying rewrite rules

copyright © N T Gladd 2016



Water wave equations 09-25-16.nb - N. T. Gladd |5

o= | Wll[2] = wll["start"] /. v[a_] - ((v[al[#1 /A, #2 /A, #3 /he, n4 /c]) &) /.
{x/ x> X, y/x>Y, z/he 5z, t [t > T}
V[z] @OLO X, Y, Z, T] v[y] @L®9 (X, Y,Z, T] vx]L®0 (X, Y, Z, T]

Out[20]= + + =0

he A A

Next | introduce dimensionless forms for the dependent variables. For the velocities | use the scale
factors - h/t for the vertical velocity and A/t for the transverse velocity components. These are consis-
tent with the scaling of the independent variables.

In[21]:= wll[3] = wll[2] /. Derivative[a_, b_, c_,d_]1[v[lab_]1]1([X,Y, Z, T] =

If [MemberQ[{x, y}, lab], A/ <z, he/c] Derivative[a, b, ¢, d][V[lab]][X, Y, Z, T];
(xclean upx)
wll["final"] = (#<t) & /@ wll[3] // Expand

ouza | V[z] @OLO X, ¥, Z, T) +V[y] @BOO (X, ¥, Z, T] +V[x] B0 (X, Y, 2, T] =0

I-2 Equations of motion (Euler)

The equations of motion (which for temporary convenience, | write as expressions rather than equa-
tions) are

In[23]:= wl2["start"] = pDDt[{V[x][X, Y, z, t], V[yl[X, ¥, 2, t], V[z][X, Y, 2, t]},
{vix1[x,y, z, t], vlylIx, ¥y, z, t], v[z][X, Yy, 2z, €]} ] +
Grad[p[x, ¥y, 2z, t], {X, y, z}] - {F[x], F[yl, F[z]}

oua | {-F[x] +p™®®9 [x,y, z, t] +

o (vix] @%b x, y, 2, t] + VX [X, ¥, 2, t] vIx]!
~Flyl +p@2%0 (x,y, 2, t] +

o (viy] ®®® Y Ix,y, z, t] + V¥l [X, ¥, 2, t] v[y] @220 [x,y, z, t]),
~F[z] +p®®L® [x, vy, z, t] +

o (viz] @®OY [x,y, z, t] +V[z] [X, Y, Z, t] v[z] @10 [x,y, z, t])}

Le0 (X, y, 2, t]),

The only external force for this problem is the downward force of gravity

In[24]:= wl2[2] = wl2["start"] /. {F[x] - O0, F[y] » O, F[z] » -pg}
out[24]= {p(1’0’6’0> (X, ¥, z, t] +
o (Vix] @20V [x,y, 2, t] + VX [X, ¥, 2, t] vx] 2020 [x,y, 7, t]],

p!®L2% X, y, 2, t] +

P (V[g1 (6,9,8,1) [X, ¥, Z, t] +V[y] [X, ¥, Z, t] V[y] (0,1,0,0) (X, Y, Z, t1>: gp+p<
s 2, t] + 0 (viz] ®®®V [x,y, z, t] +v[z] [X, ¥, 2, t] v[z] ®®1O [x,y, 7, t])}

0,6,1,0) [y

Introduce dimensionless independent variables
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In[25]

wi2([3] = wi2[2] /. v[a_] - ((v[al[#1 /X, #2 /X, #3 /he, #4 /<]) &) /.
p-> ((p[#2 /2, #2 /2, #3 /he, u4 /c]) &) /.
{x/A>X,y/x>Y, z/he 5z, t /[t > T} // Expand

{,ovm @0 X, Y, 2, 7] phOOOX, Y, 2,T] 1
T A A

Out[25]=

pV[y] @08l X, Y, Z, T]

pVIx][X, Y, Z, T v[x] 2%®9 (X, Y, Z, T], +

T

p@1.80 x v,z, T] 1

T Sp VY] (X, Y, Z, T] v[y] @80 X, Y, Z, T],

A A
pv[z] %081 X, Y, Z, T] p@&LO (X, v, 7, T] 1
go+ + + —
T ho ho

vzl [X, Y, Z, T]v[z] ®®LO (X, Y, Z, T]}

Introduce dimensionless dependent variables

In[26]:= wl2[4] = wl2[3] /.
Derivative[a_, b_, c_, d_][v[lab_]11[X, Y, Z, T] =» I-F[Member'Q[{x, y}, lab],
A/ z, he /] Derivative[a, b, c, d] [V[1ab]][X, Y, Z, T] /.

v[lab_][X, Y, Z, T] > If[MemberQ[{x, y}, lab], X/ <z, he/c]V[lab][X, Y, Z, T] /.
Derivative[a_, b_, c_, d_1[p]l[X, Y, Z, T] > p@Derivative[a, b, c, d] [P][X, Y, Z, T]
ApV[x]@8el x v, 7, T] popP®880 x v, 7 T] 1
' A : T2
ApV[y] ®®eV (X, Y, Z, T]

Out[26]= {

2

Ao VIx][X, Y, Z, T} V[x] 1899 X, Y, 7, T],

+

'E2

p@p(e,l,a,e) (X, Y, Z, T] 1
P s AV X, Y, Z, T V] SR X, Y, 2, T,
T

hepVi[z] (®:®81) X, YV, Z, T] poP®@8Le x vy, 7z, T]
+
ho

go+

+
'E2

1
—heoViz][X, Y, 2, T] V[z] #®LO X, ¥, Z, T} }
T

Simplify

wen= | wi2[5] = (# ¥/ (o 1)) & /@ w12[4] // Expand

out[27]= {V[X} (0,8,0,1) (x 'Y, Z, T] + po c?PHO%Y X, ¥, 2, T +
A% p
VIx][X, Y, Z, T]V[x] 1888 x v, 2, T], V[y] ®%%Y (X, Y, Z, T] +
po 2 P(8:1,8,0) (X Y, Z, T]
A2 p
gt? hoVv[z](®®%L) (X,Y,Z, T] poc?P®8&Lo (X vV, Z, T]
A : A : he A p

+VIyl[X, Y, Z, T]V[y] @189 (X, Y, Z, T],

+

1
—hevi(z] [X, Y, Z, T]V[z] ®®LO (X, Y, Z, T]}

s
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Eliminate the time scale in terms of a velocity scale

neer= | Wl2[6] = wi2[5] /. t > A/v@

QP1,0.8.0) (X Y, Z, T
P X ¥ 2 ]+vm (X, Y, Z, T] V[x] 1880 [x, v, 7, T],

out[28]= {V[X} (0,8,8,1) x Yy, Z, T] + 02
A awel

po P(@:1,0,0) (X Y, Z, T]
2~ VY] X, Y, Z, TIV[y] @Le0 (X, Y, Z, T],

Viy] ®%8L (X, v, 2z, T] +
ve? p

gXx hov[z](®8ol X Y, Z, T] poAP®OLO (X Y, Z, T]
- + +
V0?2 A he ve? p

+

1
—hoV[z] [X, Y, Z, T} V[z] ®®L9 (X, Y, Z, T]}
A

The pressure scaling parameter p0O can be chosen freely. A natural choice that simplifies the equations

is p0 = p v0?

npep= | wl2[7] = wl2[6] /. p@ - p v@?

(VIx]®®OD X, ¥, Z, T] + PSSO X, ¥, Z, T] +V[x] [X, Y, Z, T] V[x] 2®%0 (X, Y, Z, T],
Viy] ®®% X, v, Z, T] +P@LO0 (X, Y, Z, T] +V[y] [X, Y, Z, T] V[y] @2®0 (X, Vv, Z, T],
gXx hov[z]@®®el X vy, Zz, T] AP®®LO (X Y, Z, T]
= 4 + +
vo? A ho

Out[29]=

1
—heVv(z] [X, Y, Z, T} V[z] ®®L0 (X, Y, Z, T]}
A

At this point | introduce a parameter that characterizes the relationship between the vertical and trans-

verse velocity scales

In[30]:= def[6]

]

]

i
-

In[32]:= wl2[8] wl2[7] /. Solve[def[&6], hO][1, 1]

oupzi= | {V[x] @®OV X, ¥, Z, T] + PHOSO (X, ¥, Z, T] +V[x] [
Viy] ®®8YIX, Y, Z, T] + P@OLOO (X, Y, Z, T] +V[y] [

A p(©.0.1.0) X, Y, 7, T
g—+éV[z] (,0,8,1) 1%, v, z, T] + X, ¥, 2, 1],
vo? 5

VIx][X, Y,
VIiyl X, Y,

Consider the term g A /v0? , which | can write as g h0 /v0? h"—o = gh0/v0? 15

Choosing the velocity scale to be vO = 4/ ghO , results in a set of equations for dimensionless variables

with the single parameter ¢
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In[67]:= wl2[9] = wl2[8] /. vO -» \ghe /. Solve[def[6], ho][1l, 1]

outis7}= {VIx] @®OD X, ¥, Z, T] + PLO®O (X, ¥, Z, T] +V[x] [X, ¥, Z, T] V[x] B®®0 (X, VY, Z, T],
Viy] @®OD X, Y, Z, T}« P@OLOO (X, Y, Z, T +V[y] [X, Y, Z, T V[y] @220 (X, Y, Z, T],
1 p(e.e.1,0) x v, z, T

—+06V[z] &0 X, Y, Z, T] + XY, 2, 11,

5 5

6V[z] [X, Y, Z, T V[z] &L (X, v, Z, T]}

For future convenience, | ensure that no factor of 6 appears in a denominator

In[71]:= wl2[10] = ReplacePart[wl2[9], 3 —» Expand[6w12[9][3]] ]

ouprr= | {V[x] @OV X, Y, Z, T] + PLOSO X, Y, Z, T] +V[x] [X,

Viy] ©98L (x,v,2Z, T] +P@LEO (X v 7, T] +V[y] [X

1+62V[z]‘@%% X, Y, z, T] +P®®LO (X v 7 T]+
V(2] [X, Y, Z, T]V[z] ®®L9 (X, ¥, Z, T]}

3

Y, Z, T]V[x] 880 Xy, 27, T],
, Y, Z, T]VIy] ®Le9 X, Y, Z, T],

| now convert these expressions to equations

orz= | wl2["final"] = (# = @) & /@ w12[10]

out[72)= {VIx] @®®0D X, v, Z, T] +
P00 X, Y, Z, T] +V[x][X, Y, Z, T] V[x] B®®9 X, V¥, Z, T] =0,
Viy] @®8D X, Y, Z, T] +POLOO X, ¥, Z, T] +V[y] [X, ¥, Z, T] V[y] @2®D (X, Y, Z, T] =
0, 1+62V[z](®%%0 X, Y, Z, T] +P@®LO X v 7 T]+
& V[z] [X, Y, Z, T} V[z] @19 (X, Y, Z, T] =0}

These are the dimensionless equations for the bulk of the water. It remains to obtain the particular
forms of the equations that hold at the surface and bottom.

I-3 Boundary condition at the bottom

The bottom of the water is defined by the boundary condition z = b(x).

In[38]:= wl3["start"] = z = b[x]

out[38]= z = b[X]

Applying the convective time derivative to this kinematic equation

In[39]:= wl3[2] =
DDt[{v[x][X, Yy, z, t], v[yl[x, ¥, 2z, t], v[z][x, Yy, z, t]}, #] & /@ wl3["start"]

Out[39]= vIz] [X, ¥, Z, t] =V [x] [X, ¥, z, t] b'[X]

Make the variables dimensionless
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In[40]:= wl3[3] = wl3[2] /.
v[lab_][x, y, z, t] =» If[MemberQ[{x, y}, lab], vO0, &vO] V[lab] [X, Y, Z, T] /.
b (b[#1/2] &) /.

X/ A > X
VOV[x][X, Y, Z, T] b’ [X]
out[40]= vooVi(z] [X, Y, Z, T] =
A
In[43]:= wl3[4] = wl3[3] /. Derivative[1] [b] [X] - h@Derivative[1] [B] [X] /.

Solve[def[5], hO][1, 1] ;
(* clean up #*)
wid[4] = (#/ (6ve)) & /@ wi3[4]

ouaa= | V2] [X, Y, Z, T] = V[x] [X, Y, Z, T] B [X]

This equation is true at the bottom (Z = 0)

wl3["final"] = wil3[4] /. Z > B[X]

In[45]

Out[45]= VIz] [X, Y, B[X], T] =V[x] [X, Y, B[X], T] B"[X]

I-4 Kinematic boundary condition at the surface

The kinematic constraint at the surface is z = h(x, y, t)

In[46]:= wl4["start"] = z = h[x, y, t]
out[46]= z=h[x,y, t]
In[47]:= wl4[2] =

DDE[{v[x][x, Yy, z, t], VIyl[x, Yy, z, t], V[z][X, Yy, z, t]}, #] & /@ wl4["start"]

out[47]= vViz] [X, VY, z, t] =
0,0,1

[z
h(@.e.1) (X, ¥, T] +VvIy] [X, ¥, 2, T] h(@-1.9 (X, ¥, T] +VI[x][X, Y, Z, t] h (1,80 [X, Yy, t]

Make the variables dimensionless

#1  #2  #3

neei= | wld[3] = wl4[2] /. h > ((h[—, -, —]) &] /o X/ X5 X, y/A Y, t/c > T}
A A T

Oout[48]= V([z] [X, Y, z, t] =

]
h.8e1) (X, Y, T 1 1
%1, “VIyl [%, ¥, 2, t] h@LO (X, ¥, T] + =v[x] [X, ¥, z, t] h-®0 X, ¥, T]
A A

T
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In[49]:= wl4[4] = wl4([3] /.
v[lab_1[x_, y_, z_, t_] = If[MemberQ[{x, vy}, lab]l, vO, &vO] V[lab][X, Y, Z, T]

h@8L [x, vy, T] 1
out[49]= vooV(z] [X,Y,Z,T] = + =

T A

1
VOVIy][X, Y, Z, T)h®L® X VY, T] + =vOV[x][X, Y, Z, T] h(1®® X Yy, T]
A

In[50]:= wl4[5] = wl4[4] /.

Derivative[a_, b_, c_][h][X, Y, T] -» heDerivative[a, b, c][H][X, Y, T];
(* rearrangement x)
wl4[5] = (#/(ves)) & /@ wi4[5] // Expand

heH©®-%1 (X, Y, T] 1
out[51]= Viz] [X, Y, Z, T] == y—

vl ot oA

1
heViy] [X, Y, Z, TJH®L® X, ¥, T] + —hOV[x] [X, Y, Z, T] HL%® X, v, T]
5

wl4[6] = wld[5] /. V@ » A/t /. Solve[def[6], ho][1, 1]

out[52]= \Y X, Y, Z, T] ==
(

[z] [ s
H®SD (X, ¥, T) +VIy] [X, ¥, Z, TPH@BO X, ¥, T+ V[x] [X, ¥, Z, T)H®®O (X, ¥, T]

This equation is true at the surface z=h0 or Z = 1

wl4["final"] = wl4[6] /. Z » 1

X5 Y, 1: T] ==
(X, Y5 T]+VIy] [X, Y, 1, TIH®OLO X, ¥, T] +VIx] [X, Y, 1, TJH®HS (X, ¥, T]

I-5 Dynamic boundary condition at the surface

Vertical pressure balance requires

In[54]

wi5["start"] = p[x, ¥, 2z, t] = P, + pg (h[Xx, y, t] - 2)

oua= | PIX, Y, Z, t] =go (-z+h[x,y, t]) + P,

risi- | WiS[2] = wiS["start"] /. pIx, y, z, t] > p@P[X, ¥, Z, T] /. z > hez /.
h[x, y, t] - heH[X, Y, T] // Expand;
(* rearragnement =)

wi5[2] = (#/pe) & /@ wi5[2] // Expand

ghezp ghopH[X,Y, T] P,
_ . L ra
po po po

out[56]= PIX,Y, Z,T] =

Set the fluid pressure equal to the atmospheric pressure

copyright © N T Gladd 2016



Water wave equations 09-25-16.nb - N. T. Gladd | 11

In[57]:= wl5[3] = wil5[2] /. P, -» p@ /. p® - gh@p

out[57]= P[(X,Y,Z, T] =1-Z+H[X, Y, T]

Then, at the surface Z =1

In[58]:= wl5["final"] = wil5[3] /. Z » 1

Out[58]= P[X,Y, 1, T] =H[X, Y, T]

I-6 Collected equations and imposition of the shallow water approximation

In[73]:= wl6["final"] =
{will["final"], wil2["final"], wil3["final"], wl4["final"], wl5["final"]} // Flatten

z]@0L8 (X v, 7, T] +V[y] @589 (X, Y, Z, T] +V[x] 1®%® X, Y, Z, T] =0,
x] (@081 (X v, Z, T] +PL800) ¥ 'y 7, T] +V[x][X, Y, Z, T] V[x] %80 (X, Y, Z, T] =
, V[y]@@el x v, z, T] +P®L80 x v 7 T]+
Viyl[X, Y, Z, T] V[y] @180 X v, Z, T] =0, 1+862V[z] ®®®D (X, VY, Z, T] +
p@.81.08) (X v, Z, T] +5%°V[z] [X, Y, Z, T] V[z] (®®L® X, ¥, 7, T] =0,
V[z] [X, Y, B[X], T] =V[x][X, Y, B[X], T] B [X], V[z] [X, Y, 1, T] =
H®®DL (X, Y, T] +V[y] [X, Y, 1, TITH®LO (X YV, T] +V[x] [X, Y, 1, T] H®®® (X, v, T,
PIX, Y, 1, T] =H[X, Y, T]}

out[73]= {

[
VI
0

A more traditional display can be achieved with a special function (see section Display of partial deriva-
tives below)

In[74]:= (wi6["final"™] // ColumnForm) // PhysicsForm
Out[74]//TraditionalForm=

WV(X,Y.Z,T) WVw)(X,Y,Z,T) WVXY.ZT) 0

ax ay oz
0P(Xl;i’(,Z,T) + aV<x>(j,TY,Z,T) 0V(x)(j(YZT VX, Y. Z. T) =
OPXY.ZT) | aVWXYZT)  aVw(XY.ZT)

g e g V(y)(X Y,Z, T)=
WQXYZT) & | V@XYZT) VWX, Y. Z, T) & + PPXYZT) 1 g

oT oz oz

V)X, Y, B(X), T) = ()BX) Vo)X, Y, BX), T)

VW, Y. 1, T) = aH(:,TY,T) N (iH(XYT

PX, Y, 1, T)=HX, Y, T)

VO, Y, 1, T)+ 2550 poyx, v, 1, T)

With this set of equations, | derived the dispersion relation for water waves in another notebook —
Water wave dispersion - 09-25-16.

copyright © N T Gladd 2016



12| Water wave equations 09-25-16.nb

2 Derivation of the shallow water wave equation

2.1 Shallow water

Imposing the shallow water approximation consists of setting 6 = 0 0. This corresponds to the

wavelengths being much longer than the depth of the water.

In[75]:= w21[1] = wl6["final"] /. &6 - ©
out[7s)= {VIz] @®L9 (X, ¥, Z, T] +V[y] @BOO (X, ¥, Z, T] +V[x] B®®9 (X, VY, Z, T] =0,
Vix] (@880 x v, 2, T] +P1:@80 X v 7 T]+V[x][X, Y, Z, T]V[x]18%0 x vy, 7, T] ==
0, V[y] ®%%Y x Yy, z, T] +P@L8O x v 7 T]+
Viyl[X, Y, Z, T} V[y] @L%® x v, 7, T] =0,
1+pP®8LO x v 7 T] =0, V[z][X, Y, B[X], T] =V[x][X,Y, B[X], T] B'[X],

VIz][X, ¥, 1, T] = HOSY X, ¥, T] +V[y] [X, ¥, 1, TJHO®LO (X, ¥, T] +
VIc][X, ¥, 1, TTH®®O (X, ¥, T], P[X, Y, 1, T] =H[X, Y, T]}

2.2 Linearizing the equations

Consider perturbations about an equilibrium state. Notice that | take the opportunity to write the replace-
ment rules so as to eliminate the ignorable Y dependence.

h
= — =1+ €eHl (surface is perturbed)
hy
P =P0 + €P1 (pressure is perturbed)

V=V0+eVl =0+ €Vl (no equilibrium flows)

ore)= | w22[1] = w21[1] /. {V[a_] -» ((eVi[a][#1, ®3, u4]) &),
- ((Po[#3] + eP1l[#1, u3, u4]) &),
> ((1 + eH1[m, u3]) &)}

out[76]= {evi[z] @1O (X, Z, T] +eVi[x] B®9 (X, Z, T] =0,
eVl[x] @8 (X, Z, T] +eP1L8O (X, 7, T] +€2V1[x] [X, Z, T] V1[x] 3%® [X, Z, T] =0,
eVvi[y]®%D (X, 2, T] =0, 1+P0'[Z] +cP1®LO X, 7, T] =0,
€V1[z] [X, B[X], T] =€eV1[x][X, B[X], T] B [X],
eV1[z] [X, 1, T] =eH1®Y [X, T] +€?V1[x][X, 1, T] HL®® (X, T],
PO[1] +eP1[X, 1, T] = 1+€eHI[X, T]}
To order €°
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In[77]:=

out[77]=

In[78]:=

Out[78]=

In[79]:=

Out[79]=

In[80]:=

Out[80]=

Water wave equations 09-25-16.nb - N. T. Gladd | 13

w22[2] = Expandew22[1] /. € - ©

{True, True, True, 1+PO'[Z] =0, True, True, PO[1] =1}

The equilibrium conditions are that the pressure at the surface is equal to the atmospheric pressures
and that the vertical force on a fluid element is balanced.

To order €' with equilibrium conditions applied

w22[3] = Expandew22[1] /. €"-/3"*2 5 9 /. PO[1] » 1 /. PO'[Z] » -1

{evi[z] @LO (X, Z, T] +eV1[x] ®?[X, Z, T] =0,
eVl[x] @8V X, 7, T] +eP1®8® (X, 2, T] == 0, eV1[y] ®%V (X, 2, T] =0,
eP1®L8 (X 7, T] =0, eV1[z] [X, B[X], T] =€ V1[x][X, B[X], T] B'[X],
€V1[z] [X, 1, T] = eH1®Y [X, T], 1+€P1[X, 1, T] =1+eHI[X, T]}

The equation involving V1[y] can be removed.

w22[4] = Drop[w22[3], {3}]

{evi[z] @19 X, Z, T] +eV1[x] B9 [X, Z, T] =0,
eVi[x]@®M X, Z, T] +ePL®O (X, Z, T] =0, e PL®VO (X, Z, T] =0,
eV1[z] [X, B[X], T] = e V1[x] [X, B[X], T] B'[X],

[z]

w22[5] = w22[4] /. € » 1 // Simplify

{Vi[z] @LO (X, Z, T] +V1[x] 2®® (X, Z, T] =0, V1[x] ®®V X, Z, T] +P1L2®O (X, Z, T] ==,
P19 (X, Z, T] =@, V1[z] [X, B[X], T] = V1[x] [X, B[X], T] B'[X],
V1[z] [X, 1, T] =H1®Y [X, T], HL[X, T] =P1[X, 1, T]}

2-3 Solving the linearized equations

The objective will be to manipulate these partial differential equations so as to eliminate the perturbed
pressure and velocity components and finally obtain a single partial differential equation for the surface
perturbation Hy.

| will be manipulating the set of fluid equations and boundary equations. For convenience, | develop a
function for displaying the equations with a corresponding reference number.
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In[81]:= DisplayEqns [w22[5], {V1 » V;, P1 - P;, H1 - H;}]
Out[81]//TraditionalForm=
VWOXZT) | W XZT)
! axX + az =0
oP\(X,Z,T) W \(NXZT)
2 x T aT =0
3 z)P,(;(Z,Z,T) -0
0B(X)
4 M@, BW), T) = =2 V0, BX), T)
5 M@, 1, T) = 210
6 H@X I=P(X1,T)

Note that the equation 3 implies that pressure perturbations P4 are independent of the coordinate Z. |
impose this condition with the following rule.

2= | w23[1] = w22[5] /. P1 » (P1[#1, #3] &)

out[82)= {Vi[z] @O (X, Z, T] +V1[x] 2®9 (X, Z, T] =0,
P19 [X, T] +V1[x] %Y [X, Z, T] =0, True, V1[z] [X, B[X], T] = V1[x] [X, B[X], T] B’ [X],
V1[z] [X, 1, T] =H1@Y [X, T], HL[X, T] =P1[X, T}

nes- | DisplayEqns [w23[1], {V1 - Vi, P1 -» P;, H1 - Hi}]

Out[83]//TraditionalForm=

v ()(X.Z,T) V\XZT)
1 X + 74 =0
oP\(XT) | Viw(XZT)
2 X T =0
3 True
0B
4 "X, BX), T) = —= Nx)X, BX), T)
5 N@E@W, 1, 7= 210
6 Hi(X, T)=P1(X, T)

Further, equation 2 implies that V4(x) cannot depend on Z either.

ea= | W23[2] = Drop[w23[1], {3}] /. V1[x] > (V1[x][#1, #3] &)

outsa)= {VI1[x] WO (X, T] +V1[z] @B [X, Z, T] =0, V1[x] @V [X, T] + P12 [X, T] = e,
V1[z] [X, B[X], T] = V1[x] [X, T] B [X], V1[z] [X, 1, T] =HL1(®Y [X, T], H1[X, T] =P1[X, T]}
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In[85]:= DisplayEqgns [w23[2], {V1 -» V;, P1 - P;, H1 - H;}]

Out[85]//TraditionalForm=

WV (0(X.T) W\ XZT)

1 x T oz =0
oP\(X,T) | VX))
2 X or T 0
_ 9B

3 @&, BX), T) = —= Nx)X, T)
4 M@, 1, T) = 2060
5 X, T)=Pi(X, T)

Equation 5 can be used to eliminate P1 from the system

weer- | PIRule = (D[#, X] & /@ Solve[w23[2][5], P1[X, T1] [1, 11)

ourger= | P1E@ (X, T] » H1(19) (X, T]

In[87]:= w23[3] = w23[2][1;; 4] /. P1lRule

out[87}= {V1[x] MO (X, T] +V1[z] @B [X, Z, T] =0, V1[x] @Y [X, T] +H12® [X, T] =@,

V1[z] [X, B[X], T] = V1[x] [X, T] B'[X], V1[z] [X, 1, T] =H1®Y X, T]}

nies- | DisplayEqns [w23[3], {V1 - Vi, P1 - Py, H1 - H;}]
Out[88]//TraditionalForm=
WV\WXT) | IV @XZT)
1 X + oz =0
IHXT)  NWXT)
2 ox or =0

3 @&, BX), T) = 22 )X, T)

OH, (X,T)

4 M@, 1, 7) = =5

Notice that equation 1 can be integrated with respect to Z from B[X] to 1 and that equations 3 and 4
provide the boundary values.

o= | W23[4] = Solve[w23[2][1], V1[z]®*® [X, Z, T]][1, 1] /. Rule - Equal

ougal= | V1[z] @19 (X, Z, T] = -V1[x] L9 [X, T]

Integrate with respect to Z, from the bottom Z = B[x] to the surface Z = 1

meor= | W23[5] = (Integrate[#, {Z, B[X], 1}] &) /e w23[4]

1
out[90}= J Vi[z] @59 (X, Z, T] dZ = - (1-B[X]) V1[x] B® [X, T]
B[X]
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In[91]:=

Out[91]=

In[92]:=

Out[92]=

In[93]:=

Out[93]=

In[94]:=

Out[94]=

In[95]:=

1

B[X]

V1[z] [X, 1, T] -V1[z] [X, B[X], T] = - (1-B[X]) V1[x] »® [X, T]

w23[6] = w23[5] /. V1[z] @19 [X, Z, T]dZ » V1[z][X, 1, T] -V1[z][X, B[X], T]

boundaryRules = {w23[3][3], w23[3][4]} // ER

{Vi[z] [X, B[X], T] - V1[x] [X, T] B'[X], V1[z] [X, 1, T] - H1®D [X, T]}

w23[7] = w23[6] /. boundaryRules

~V1[x] [X, T] B/ [X] +HL®D [X, T] = - (1-B[X]) V1[x] B® [X, T]

The remaining equations are

w23[8] = {w23[7], w23[3][2]}

{-V1[x][X, T] B'[X] +HL®D [X, T] = - (1-B[X]) V1[x] ®® [X, T],
VL[] @YX, T] + HL® [X, T = 0}

DisplayEqns [w23[8], {V1 - Vi, P1 - Py, H1 - Hi}]

Out[95]//TraditionalForm=

In[96]:=

Out[96]=

In[97]:=

Out[97]=

In[98]:=

Out[98]=

In[99]:=

Out[99]=

OH,(X,T)

V)X, T)
X
AH\(X,T) oV (0(X.T)

2 ax T =0

Differentiate equation 1 with respect to T and use equation 2 to eliminate V4[x]

w23[9] = MapEqn[D[#, T] &, w23[8][1] ]

-B [X] V1[x] @V [X, T] +H1®2 [X, T] = - (1-B[X]) V1[x] DY [X, T]

From equation (2)

VXrule = Solve[w23[8][2], Vi[x]‘®™ [X, T]][1, 1]

V1[x] @D X, T] - -H1L9 X, T]

VXrule = {VXrule, D[#, X] & /@ VXrule}

{Vi[x] @V (X, T] 5 -HL®B® (X, T], V1[x] BV (X, T] > -H1>9 [X, T]}

w23[10] = w23[9] /. VXrule

H1(®2) [X, T] + B [X] HL® [X, T] = (1-B[X]) H1>? [X, T]

| finally have a single equation for the surface perturbation H.
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In[100]:= DisplayEqns[{w23[10]}, {H1 - H;}]

Out[100]//TraditionalForm=

OB(X) OH\(X,T)  2H,(X.T) CH(X,T
(1 ag( a(X>+ 37(‘2 =(1-B8) aA(”- ))

which is the sought after wave equation for water waves in shallow water.

The rhs of this equation can be written in a more compact form by introducing a “depth function” defined

by
In[101]:= def[D] = D[X] == 1 - B[x]
out[101]= D[X] =1-B[X]

In[102]:= w23[11] = Solve[def[D], B[x]]1[[1, 1]1]

out[102]= B[x] - 1-D[X]

mios= | w23[12] = w23[1@] /. B » ((1-D[#]) &) // Expand

ourios= | HL(®2) [X, T] -2/ [X] H1® [X, T] = D[X] H1(%? [X, T]

which can be rewritten as

o= | w23[13] = H1®2) [X, T] - HoldForm[D[D[X] H1*® [X, T], X]] =

ouftoa)= | =0 (D[X] HLE® (X, T]) +H1(®2) [X, T] =0

which, finally, is the shallow water wave equation.
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Appendix - Generation of figures
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In[105]:= Module[{A = 40, ho = 1.0, xMax = 89, yMax = 40, 6 = 0.1, L = 200, d = 2,
zMin = -2, zMax = 2.5, Surface, Bottom, refLines, axes, labels, Seq, g},

x
Surface[x_,y_, A_] := 1+ 8Cos[2x —];
A

X
Bottom[x_, y_, L_] := —;

L
Seq[colorScheme_] := Sequence [

ColorFunction » (ColorData[colorScheme] [Rescale[#, {0, 1}, {0.25, 06.75}]] &),
Mesh - False, Axes -» False, Boxed - False, PlotPoints - 50,
PlotRange - {{-xMax, xMax}, {-yMax, yMax}, {zMin, zMax}}, ImageSize - 300];

g[1] = Plot3D[Surface[x, y, A],
{x, -xMax, xMax}, {y, -yMax, yMax}, Evaluate@Seq["LakeColors"],
PlotLabel -» Stl["Geometry for shallow water waves"]];

g[2] =Plot3D[Bottom[x, y, L], {x, -xMax, xMax},
{y, -yMax, yMax}, Evaluate@Seq["CoffeeTones"]];

refLines =
Module[{£ = Line, x = xMax, y = yMax},
{{BlaCk) L[{{e) =Y, 0}, {0) Y 0}}]5
L[{{Q, -y, 6}5 {0, =Y, 1]’]‘]: L[{{'X: =Y, 9}) {X, =Y 9}}]:
L[{{‘X, =Y 0}, {'X.v =Y Bottom[—x, =Y L]}}])
LI{{x, -y, 8}, {X, -y, Bottom[x, -y, L1}}1}}1;

axes =
Module[{0O = {-0.8 xMax, -©0.8yMax, 1.5}, xS = xMax/5, yS = yMax/5, zS = 1},
{Black, Arrowheads [Tiny], Arrow[{O, O + {xS, 0, 0}}1,
Arrow[{O, O + {@, yS, ©}}], Arrow[{0, O + {0, 0, zS}}],
Text[St1l["x"], {O + {1.2xS, @, ©}}],
Text[Stl["y"], {0 + {0, 1.2yS, 0}}],
Text[St1["z"], {0 + {0, 0, 1.22S}}]1}1;

labels =
Module[{pAl, pA2, off},
pAl = {0, 0, 0.1 + Surface[0, O, A]};
pA2 = {A, 0, 0.1+ Surface[A, O, A]};
off = {0, 9, 0.1};
{Black, Line[{pA1, px2}],
Line[ {pAl, pAl - off}], Line[{pAl, pAl + off}],
Line[ {pA2, pA2 - off}], Line[{pA2, pA2 + off}],

pAl + pA2

Text [St1["A"], { + 2.50ff}],

Text[Stl["he"], {- (xMax/1@), -yMax, @.5}],
Text[Style["x = @, y = @, z = @", Bold, Tiny], {@, -1.1yMax, -0.25}1}];

g[3] = Graphics3D[{reflLines, axes, labels},
PlotRange - {{-xMax, xMax}, {-yMax, yMax}, {-2, 2}}1];

Show[{g[1], g[2], g[31}1]
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Out[105]=

Geometry for shallow water waves

Display of partial derivatives

In[106]:=

In[108]:=

In[110]:=

The following magical function comes from Vitaly Kaurov
http://blog.wolfram.com/2011/12/15/mathematica-qa-series-converting-to-conventional-mathematical-
typesetting/

Clear [pdConv] ;
pdConv[f_] :=
TraditionalForm[
f /. Derivative[inds__][g_][vars__]
Apply [Defer[D[g[vars], ##]] &,
Transpose[{{vars}, {inds}}] /.
{{var_, 0} :» Sequence[], {var_, 1} » {var}}]]

| generate a convenience function for displaying a numbered list of equations

Clear [DisplayEqns];
DisplayEqns[eqns_, subs_] :=
Module[ {neqns},
neqns = Transpose[{Range[1, Length[eqns]], eqns}] /. subs // PhysicsForm]

Clear [MyDisplayForm] ;
MyDisplayForm[nums_, eqns_] :=
Module[ {neqns},
neqns = Transpose[{nums, eqns}] /. {V1 -» V;, P1 - P;, H1 - H;} // pdConv]
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